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 ABSTRACT

Pitting corrosion is one of the most dangerous corrosion types for zinc roofs. The theory of extreme-value statistics is a power-
ful tool to quantitatively analyze pitting corrosion. For obtaining reliable results, it is very important to know how to collect small
samples correctly and effectively. The method proposed by JSCE (1988) is discussed. This method considers only the influence
of the number of small samples on the estimated maximum pit depth over a large area and not the influence of the number of pits
per small sample. An improved method, which takes both influences into account, is presented in this paper. Two examples are
given to demonstrate the application of the improved method in zinc roofs.

INTRODUCTION

Zinc roofs are widely used all over the world. The advan-
tages of the system are many. One of the main problems,
however, is the degradation of zinc sheets due to corrosion.
Service life of zinc roofs may vary from some decades to
longer than a century depending upon the type of zinc, the
structure of the roof, and the surrounding environment.
Mostly, the maintenance and replacement of zinc roofs are
induced by the corrosion of the zinc sheeting.

In the last decades, the growing concern about global
warming and energy efficiency has pushed the U-factor of
building elements toward lower threshold values. This trend to
lower U-factors may greatly affect the performance of zinc
sheeting due to a worse hygrothermal environment at the
underside of the zinc sheeting.

In order to investigate the performance of highly
insulated zinc roofs, a field research program has been
carried out at the Laboratory of Building Physics of the
KU Leuven since November 1996. In the program, a
total of eight zinc roofs (four cold roofs and four warm
roofs) with high insulation quality (U < 4.40 × 10-2

Btu/h⋅ft2⋅°F (0.25 W/m²·K) were constructed. The dimensions
of the zinc roofs were about 1.8 by 3 m. The roof

slope was 5%. A commercial zinc sheet of 0.65 mm
thickness (VM zinc titanium) was used in the zinc roofs.
The orientation of four zinc roofs was southwest; the
orientation of the other four zinc roofs was northeast.

For examining the corrosion of the zinc sheets, one large
zinc specimen was taken from each zinc roof in 1999 and in
2000, respectively. The dimensions of the zinc specimens
were 0.50 by 0.70 m. We found that, for both the highly insu-
lated cold zinc roofs and the highly insulated warm zinc roofs,
severe pitting corrosion at the underside of the zinc sheeting
developed. Figures 1 through 4 show the typical appearance of
the underside of the zinc sheeting before and after cleaning.

Pitting corrosion is a deadly dangerous corrosion type for
zinc roofs. If the depth of the pits continues to increase with
time, local leakage may occur. In evaluation of pitting corro-
sion, both the average corrosion rate based on mass loss and
the average pit depths cannot readily be used. The corrosion
estimation based on mass loss can seriously underestimate the
corrosion penetration caused by pitting corrosion. As for the
corrosion estimation based on the average pit depths, first,
many smaller pits become too indistinguishable to be
measured due to stopping growth very soon after it is initiated,
and second, the deeper pits are of the most practical impor-
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tance. It is the deepest pits that, if they continue to propagate,
will result in leakage. Therefore, it is not the overall corrosion
rate or the number of pits that are of interest, but the deepest
pits since they cause the failure of zinc roofs.

The theory of extreme value has been proven to be a
powerful tool to analyze pitting corrosion. It can be used to
estimate the maximum pit depth of a large area of zinc sheeting
on the basis of the examination of a small portion of that area.
In practical applications, however, it remains a problem of
how to take field samples of zinc roofs to collect the data for
analysis. Before sampling, we have to answer the following
two questions: (1)which number of samples, N, is necessary,
and (2) which size, s, should be chosen for the area of the
sample for a given large area S, in order to draw reliable
conclusions?

Considering these questions, a method (JSCE 60-1 1988)
has been recommended in order to select suitable values for s

and N based on the variance of the estimation for the maximum
pit depth. This method is based on the relation between the
number of small samples and the variance of the estimation for
the maximum pit depth over a large area. It just requires that
s should be chosen so as to contain a plural number of pits
(Shibata 1996). This means that the influence of the number of
pits per small sample on s and N is not considered quantita-
tively. However, it is well known that the number of pits on
small samples may influence the precision of the distribution
of the maximum pit depths predicted by extreme value statis-
tics. Gumbel (1967) pointed out that the number of observa-
tions, n (i.e., the number of pits per small sample), from which
the extremes (i.e., the maximum pit depths) are taken, must be
large while applying the extreme value theory. How large n has
to be depends on the initial distribution and on the degree of
precision we want to obtain. Galambos (1987) presented
formulae to estimate the error of the cumulative probability of

Figure 1 Typical appearance of the zinc sheeting not
contacting the wood deck in the cold zinc roofs
before cleaning.

Figure 2 Typical appearance of the zinc sheeting not
contacting the wood deck in the cold zinc roofs
after cleaning.

Figure 3 Typical appearance of the zinc sheeting
contacting the mineral wool in the warm zinc
roofs before cleaning.

Figure 4 Typical appearance of the zinc sheeting
contacting the mineral wool in the warm zinc
roofs after cleaning.
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extremes due to the passage to the limit as the observations, n,
increase indefinitely. So, when selecting small samples, it
seems necessary to consider the influence of both the number
of pits per small sample and the number of small samples on
the estimated maximum pit depth over a large area.

According to a study done by Shibata (1994), the pit depth
distribution on metal surfaces usually obeys the normal or
exponential distribution; both of them belong to the exponen-
tial distribution family. Thus, the maximum values of pit depth
extracted from the exponential family distribution may
reasonably be expected to obey the Gumbel distribution (i.e.,
exp[-e-y]) where y is the so-called reduced variate. Our
research (Zheng 1999) also showed that, for both the highly
insulated cold zinc roofs and the highly insulated warm zinc
roofs, the maximum pit depths of the zinc sheeting on replicate
samples were statistically distributed according to the Gumbel
distribution.

The objective of this study is to select the optimum
combination of area per small sample (s) and number of small
samples (N) for obtaining a reasonable prediction of the maxi-
mum pit depth over a large area at certain accuracy. In the
present work, we assume that the distribution of the maximum
pit depths in zinc roofs follows the Gumbel type.

DERIVATION OF THE FORMULAE
FOR DETERMINING AREA PER SMALL
SAMPLE AND NUMBER OF SMALL SAMPLES

It is well known that the number of pits on small samples
influences the precision of the maximum pit depth over a large
area estimated by extreme value theory. Suppose x1, x2, x3, ···,
xn are independent and identically distributed (i.i.d.) random
variables (pit depths) with common distribution function F(x)
on a sample of area s, and Zn = Max (x1, x2, x3···, xn), then the
probability P(Zn <x) that x will be the largest among the n pits
on the sample is

(1)

According to the theory of extreme statistics, there may
exist sequences an and bn >0 of constants such that

(2)

where H(x) is a nondegenerating distribution function, which
is one of the three types of the asymptotic extreme distribu-
tions.

Equation 2 is usually applied to evaluate the parameters
an and bn on the basis of data of the maximum pit depths
measured in small samples. Then, the maximum pit depth over
a large area is estimated by the parameters an, bn, and return
period T. Clearly, Equation 2 implies the assumption of an infi-
nite number of pits on small samples. In practice, the number
of pits on small samples, however, is not infinite, but a value
that depends on the density of pits and on the area of the small
sample. Therefore, using Equation 2 may cause some error as

a result of the assumption of an infinite number of pits on small
samples. For a particular case, when there is only one pit per
small sample, according to Equation 1, the exact distribution
of extremes is the initial distribution function F(x) itself,
which is far from being the distribution of extremes obtained
by Equation 2.

Obviously, a larger number of pits on small samples may
decrease the error caused by the assumption of an infinite
number of pits in Equation 2. The question is how much the
error would be due to the replacement of the exact distribution
of the extremes by the Gumbel distributions to estimate the
maximum pit depth over a large area (i.e., how the pit number
n on small samples influences the estimated maximum pit
depth over a large area).

Let H(x) be the Gumbel distribution and F(x) be in the
domain of attraction of H(x). Then, for given sequences an and
bn > 0, we have (Galambos 1987)

(3)

where

(4)

(5)

(6)

(7)

(8)

with , , and (9)

and

n = number of pits per small sample,

q, p = any real numbers satisfying Equation 9.

When an and bn are chosen so that P[(Zn -an)/bn < x]
weakly converges to H(x) as n increases indefinitely, the
assumed bounds on zn(x)/n, zn

2(x)/n, and ρn(x) are valid for
very moderate values of n (usually for n as small as 2 or 3).

It is well known that the Gumbel distribution holds for the
initial distribution of an exponential type, which includes the
exponential, normal, lognormal, logistic, and chi-square func-
tions. Furthermore, any initial probability functions with an
exponential type in the neighborhood of the characteristic
largest value for large x may take the following approximation
(Gumbel 1967):
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(10)

Equation 10 leads immediately to the Gumbel distribu-
tion,

(11)

Gnedenko (1943) has shown that the condition in Equa-
tion 10 is not only sufficient, but also necessary, for the exist-
ence of the asymptotic distribution in Equation 11.

Based on Equations 10 and 11, Equations 7 and 8 may be
written as

(12)

(13)

By inserting Equations 12 and 13 into Equations 5 and 6,
we have

(14)

(15)

Since  and , we choose

.

Therefore, from Equations 14 and 15, Equation 3 is
simplified to

(16)

Equation 16 can also be written as

(17)

Now, let us estimate the value of γ1,n. Some researchers
(Aziz 1956; Shibata 1991, 1996) have shown that bn/an does
not change appreciably with time and is usually below, or not
much larger than, 0.3. Laycock et al. (1990) also assumed an
= a0tc and bn = b0tc (c is a constant and t is time) when they
developed a model for data collected on maximum pit depths
enabling simultaneous extrapolation into the future over large
areas of exposed zinc. The results obtained in the test building
(Zheng 1999) showed the variation of bn/an in between 0.12
and 0.35. As an estimation, we assume bn/an < 0.4. Since the
aim is to evaluate the error of the predicted maximum pit depth
over a large area, the variable x in Equation 17 will be esti-
mated with a large return period. We may assume xmax>2an.

On the basis of these assumptions, we can obtain an estimation
of γ 1,n from Equation 14:

(18)

Then, Equation 17 becomes

(19)

Releasing the absolute sign, we have

(20)

Now we can estimate the maximum pit depth over a large
area with a return period T using the probability functions in
Equation 20 and using the Gumbel distribution, respectively.

1. x1-k (the maximum pit depth estimated using the probability
of low bound in Equation 20):

(21)

(22)

2. xp (the exact maximum pit depth):

(23)

3. x1+k (the maximum pit depth estimated using the probabil-
ity of high bound in Equation 20):

(24)

(25)

4. xh (the maximum pit depth estimated using the Gumbel
distribution):

(26)

(27)

Due to the nondegenerating property of the probability
distribution functions with x in Equation 20, we may have

(28)

Then, subtraction and division of Equation 28 by an and
(xh-an) lead to
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(29)

By inserting Equations 22, 25, and 27 into Equation 29,
we obtain

(30)

Equation 30 shows that the ratio of the difference between
the exact maximum pit depth over a large area and the location
parameter based on small samples to the difference between
the maximum pit depth estimated by the Gumbel distribution
over a large area and the location parameter based on small
samples varies within certain bounds. Hereafter, we use R to
denote this ratio. Certainly, R must converge to unity as n
increases indefinitely (i.e., there is no error as n is indefinite).
Thus, the degree of R deviating from unity can be used as an
indicator to control the error. The bounds of R depend upon the
number of pits on small samples and the return period. From
Equation 30, we can easily obtain the values of both bounds of
R.

In practice, we usually hope to control the degree of R
deviating from unity within some accepted levels. For this
purpose, we may simply solve the following equations:

(31)

and

(32)

where

R1 = high bound of R,

R2 = low bound of R.

After rearranging Equations 31 and 32, they can be
expressed as

(33)

and

(34)

Neglecting the second term of k in Equation 18, we can
obtain the following approximate solutions from Equations 33
and 34, respectively.

(35)

(36)

where

n1, n2 = required pit number in small samples corresponding to 
the higher and lower bounds of the ratio R, 
respectively.

Hence, if both Equations 35 and 36 hold, we have

(37)

Assuming that the density of pits in small samples is ρ and
the area of a zinc roof is S, then n = ρ×s and S = T×s, and we
can obtain

(38)

(39)

where

s1, s2 = required area of small samples for the higher (R1) and 
lower (R2) bounds of the ratio R, respectively.

Formulae to Determine the Required Number of 
Small Samples (N) and the Area per Small Sample (s) 
for Controlling the Variance of the Predicted
Maximum Pit Depth for a Given Large Area
Due to the Finite Number of Small Samples

There are several methods that can be used to estimate the
location parameter an and the scale parameter bn, such as
graphical, MVLUE (minimum variance unbiased estimator),
maximum likelihood, and moment methods. Among them, the
MVLUE method is found to be more efficient and unbiased for
small size samples. Tsuge (1987) had shown that parameters
estimated by the MVLUE method are unbiased and efficient
and are consistent with values estimated by the method of
moments or maximum likelihood when the sample size is
more than 30. The distribution parameters can be calculated
by the MVLUE method with the following formulae:

 and (40)

where

ai(N,j), bi(N,j) = weights for each sample, respectively,

N, j = the total number of samples and truncated 
number, respectively.

The variance V(x) of the estimation xmax using the
MVLUE method can be calculated by
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(41)

where

bn = scale parameter,
y = reduced variant,

A(N,j), B(N,j), C(N,j)= weights in MVLUE estimation 
procedure.

Lieblein (1954) devised these estimation procedures,
which are especially adapted to very small samples of
extremes, in order to obtain a great amount of information
from costly data. He has given the values of ai(N,j) and bi(N,j)
with A(N,j), B(N,j), and C(N,j) up to N = 6. For those samples
larger than 6, he proposed a procedure taken from quality
control by making subgroups (five or six) from the entire set
of samples. Later, White (1964) and Tsuge (1987) calculated
the values up to N = 20 and N = 45, respectively.

If controlling the variance of estimated xmax within
(an/m)2, we may have the following relation from Equation 41:

(42)

The reduced variant y can be calculated with T as follows:

; when (43)

(44)

By inserting Equations 43 and 44 into Equation 42, we
obtain

(45)

where

m = the assumed number, such as 1, 2, 3, etc.,

sN = the required area per small sample.

Combining Equations 38 and 39 with Equation 45, we can
easily get sequences of s and N such that the precision of the
estimated maximum pit depth over a large area meets the
requirement we seek. If the ratio an/bn is known from experi-
ence or a database, the values for s and N may be estimated
easily. Fortunately, the analysis of the accumulated data of the
parameter of an and bn showed (Shibata 1991) that the ratio of
bn/an for localized corrosion is below, or not much larger than,
0.3.

In theory, for enhancement of estimating reliability of the
maximum pit depth over a large area, large N or s is desirable.
In consideration of economy, however, there must be a natural
limitation to the increase of N or s for the extreme value
survey. For a given large area and precision, it is also obvious
that numerous combinations of s and N exist, which meet
Equations 38, 39, and 45. Naturally, we hope to find an opti-
mum combination of s and N among them such that (1) the

total sampling area (N × s) is minimum under the condition of
guaranteeing the precision of the predicted maximum pit
depths over a large area, or (2) the precision of the predicted
maximum pit depth over a large area is highest for a given total
sampling area.

Assuming the total sampling area to be As (= N × s), then
Equations 38, 39, and 45 may be expressed as

(46)

(47)

(48)

Solving Equations 46, 47, and 48, we can obtain the opti-
mum selection of N and s under the given conditions.

APPLICATION OF THE IMPROVED METHOD

Two examples are presented to demonstrate the applica-
tion of the improved method to the zinc roofs in the laboratory
building. The area of each zinc roof is 58.13 ft2 (5.40 m2).
Since the corrosion of zinc in most atmospheric environments
is generally uniform, localized corrosion of zinc has not
received much attention. So, little information about the distri-
bution of pits on zinc surfaces is available. The results
obtained in the laboratory building (Zheng 1999) showed that
the variation of bn/an was between 0.12 and 0.35. We here
assume bn/an to be 0.25. The density of pits is assumed to be
3.66 × 105 pits/ft (1.2 × 106 pits/m2).

Obtaining a Minimum Total Sampling Area

Naturally, we always hope to collect the total sampling
area As (=N×s) as small as possible in the condition of guar-
anteeing the precision of the predicted maximum pit depths.
Collecting and checking smaller total sampling area may
reduce cost and save time.

Assumptions: R1 = 1.05, R2 = 0.95, m = 1.5.
Inserting the assumptions into Equations 46, 47, and 48,

we have the following:
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(50)

(51)

Solving Equations 49, 50, and 51, the minimum total
sampling area As is 18.09 in.2 (11673 mm2) and the number of
the small samples N is 21. The corresponding area per small
sample s is 0.862 in.2 (556 mm2).

Obtaining an Optimum Combination of the
Area per Small Sample and the Number of
Small Samples for a Given Total Sampling Area

In reality, the total sampling area may be restricted for
some reason. For this situation, we of course want to choose
the optimum combination of s and N, for a given total
sampling area, such that the accuracy of estimating the maxi-
mum pit depth is highest.

Assumptions: R1 = 1.05, R2 = 0.95, As = 15.5 in.2

(1 × 104 mm2). The aim is to find the optimum combination
of s and N such that the variance of the maximum pit
depth is smallest (i.e., m is as large as possible).

Inserting the assumptions into Equations 46, 47, and 48,
we obtain the following:

(52)

(53)

(54)

Solving Equations 52, 53, and 54, we get the maximum m
to be 1.35. The corresponding optimum combination is N = 20
and s = 0.775 in.2 (500 mm2).

SOME REMARKS

It is obvious that the variate of the extreme value distri-
bution used is unlimited in both the negative direction and the
positive direction. The infinite range of the distribution appar-
ently conflicts with the finite range of the possible maximum
pit depths. However, for practical applications, the probability
that the maximum pit depth is negative may be neglected even
for moderate sample sizes (Gumbel 1967). Consider a variate
unlimited in both direction, and let the median be zero. Then
the probability H for the maximum pit depth xn to be negative
is

(55)

It approaches zero very quickly for increasing n. For
n = 10, H < 9.77e-4; n = 20, H < 9.54e-7.

In the positive direction, physical considerations would
lead us to believe that the pit depth frequency would close on
the x-axis at some finite value x0 of the variate so that for a pit
depth x>x0 the probability is zero. Aziz (1956) pointed out that
the possible range of pit depths might be several orders of
magnitude greater than the range generally observed so that
there was no real problem in applying the theory. Thus, data
can be safely extrapolated over at least two or three times the
observed range permitting the direct estimation of the proba-
bilities and “return periods” of a given pit depth. Actually, the
concept of an infinite range in the mathematical model is
implicit in almost all forms of statistical analysis and its use is
justified by years of successful application.

According to Gumbel (1967), the essential condition in
the analysis is that the distribution from which the extremes
are drawn and its parameters remain constant in time (or
space), or the influence that time (or space) exercises upon
them is taken into account or eliminated. In practical applica-
tions, however, conditions may change from one set of
samples to the other due to local variations in environment or
surface condition of the zinc sheeting. An important measure
is to clarify the corrosion condition of the zinc sheeting to
allow data to be grouped and collected under the same condi-
tion. HAM (heat, air, and moisture) modeling may be of great
help in clarifying the corrosion condition of the zinc sheeting.

It should be pointed out that the conditions of Equation 35
and Equation 36, for bounds of the ratio R, are just sufficient.
It is possible to get more accurate bounds if more information
about an and bn is available.

CONCLUSIONS

1. An improved method has been presented to determine the
number of small samples and the size of small samples
collected from a large area of a zinc roof to analyzing pitting
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corrosion. It should be emphasized that the improved
method is based on the assumption that the distribution of
the maximum pit depths takes the Gumbel distribution.

2. Before sampling, it is necessary to clarify the corrosion
condition of zinc sheets due to local variations in environ-
ment at the underside of the zinc sheets. HAM (heat, air, and
moisture) modeling may be of great help in clarifying the
corrosion condition of the zinc sheets.

3. On the basis of the formulae derived, we can build a set of
graphics, from which the optimum combination of number
of small samples and area per small sample may easily be
obtained.
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